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FRACTIONAL INTEGRALS ON WEIGHTED H” AND L’ SPACES
BY
JAN - OLOV STROMBERG AND RICHARD L. WHEEDEN'

ABSTRACT. We study the two weight function problem |1, flpg < cllfll47, 0 < p <
q < oo, for fractional integrals on Hardy spaces. If u and v satisfy the doubling
condition and 0 < p < 1, we obtain a necessary and sufficient condition for the
norm inequality to hold. If 1 < p < co we obtain a necessary condition and a
sufficient condition, and show these are the same under various additional condi-
tions on u and v. We also consider the corresponding problem for L and L?, and
obtain a necessary and sufficient condition in some cases.

1. Introduction. In this paper we study the behavior of fractional integrals on
weighted Hardy spaces. In particular, we investigate the problem of determining
pairs u(x), v(x) of nonnegative weight functions on R” such that

o N arg < el fll e 0<p<g<oo,

where I, a > 0, is a fractional integral operator. We also give some applications of
the results to the corresponding problem for L and L.

Following the usual terminology, we say that a weight function v satisfies the
doubling condition if v is locally integrable and
(1.1) v(2I) < (1),
where v([) is the v-measure of a cube I in R” and 27 denotes the cube with the same
center as / but with twice the edgelength. We write v € D, for such v. Whenever
dealing with Hardy spaces, we assume the weights satisfy the doubling condition.
The definition of H?, 0 < p < o0, is then the collection of tempered distributions f

on R"” whose nontangential maximal function (N, f)(x) belongs to L7, where L? is
the class of functions g with

lglle, = (fR lg(x)|Pv(x) dx)l/p < o,

and
(Nf)x)= sup  |(f*x9)(¥)I
1) |x—yl<ar
with ¢ a Schwartz function, [g.¢(x)dx # 0 and ¢,(x) = t""¢(x/t), t > 0. Since
v € D_, the definition of H? is independent of the particular function ¢ and of the
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aperture a, and we may define || f|| z, by |||l 5> = Il /*|| 1, Where f* is the “grand”
maximal function of f (see [S and 14] for details). It is also true that || f|| gz» = || Nof |l 1z
where (N, f )(x) = sup,. ol(f * ¢,)(x)| is the radial maximal function.

A function a(x) is called an (o0, N) atom if |a(x)| < 1, the support of a(x)
satisfies supp a C I where I is a cube, and a(x) satisfies the moment conditions

/ a(x)x¥dx=0, |y|<N,

where N is a positive integer, y = (v;,...,Y,) With each y, a nonnegative integer,
x¥Y=x"--- xand|y|=7v, + --- + v, We shall often be interested in functions f
which are multiples of (o0, N) atoms since these are dense in H? (see Lemmas (2.1)
and (2.2) for exact statements). For « > 0 and such f, let

Sx=y)yledy, a#*n+ 2l
(If)(x) =
fwf(x =)yt dy, a=n+2l
/=0,1,.... Note that when a« = n + 2/, I fis a vector. In case a = n + 2/, the
first integral above is zero if f is a multiple of an (oo, N) atom and N is large, and
for that reason we modify the definition in this case. An alternate and different way
to define I fin case a = n + 2lis to let (I, f)(x) = f * |x|* " "log|x|.

It is easy to see (§2) that if fis any bounded function with compact support, then
I, fis bounded if a < n and has at most polynomial growth if « > n. Moreover, if f
is a multiple of an (c0, N) atom and N is sufficiently large, then the Fourier
transform [ f]" of I, f satisfies [1,f] (x) = ¢, /x| *f(x)ifa # n + 21,1 =0,1,...
(see §2 for details).

For a > 0 and 0 < p < g < oo, we consider the following condition on a pair
(u, v) of weight functions:

(1.2) " (1) < eo(1)7,
where [ is any cube in R”. We will also consider the condition
a/n
(1.3) ”EAkllkl X1 Lg < c”Z)\kXI,(”va» A >0,

where {I,} is any collection of cubes in R" and x, denotes the characteristic
function of I,. It is easy to see that (1.3) implies (1.2) by considering the special case
when the sum consists of just a single term. Also, as will be shown later, (1.2) implies
1/p —1/q < a/nunlessu =0 a.e.

Our main results for Hardy spaces are as follows:

THEOREM (1.4). Let 1 <p <00, a>0,0<1/p—-1/9< a/nand q < oo. If u,
v € D, then (1.2) is necessary and (1.3) is sufficient for || 1, f|| s < || f|| gp, where f is
any (o0, N) atom.

THEOREM (1.5). Let 0 <p<1,a>0,0<1/p—1/9g<a/nand q < . If u,

<
v € D, then (1.2) is necessary and sufficient for |1 f|l gs < c||f|| g, where f is any
(00, N) atom.
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The sufficiency statements in these theorems are proved in §3 and the necessity
statements in §4. .

We note that if the inequality || 7, f lzrs < cll f1l gz holds for all (o0, N) atoms, the
it clearly also holds for multiples of (oo, N) atoms. For example, any finite linear
combination of (co, N) atoms is a multiple of an (oo, N) atom. Thus the norm
inequality holds for all finite linear combinations of (o0, N) atoms, and, by Lemmas
(2.1) and (2.2), these are dense in H?. It follows that I, has a continuous extension to
all of H? (see also the comments after Theorem (1.12)).

We shall not be precise about how large N must be chosen in the sufficiency
statements. The value could be computed by keeping track of its size at different
stages of the proof; it depends, for example, on the doubling order (see §2) of v and
could be made smaller by further restricting v. The class of f’s is dense in H? no
matter how large N is by Lemmas (2.1) and (2.2). For the necessity, N need only be
taken large enough so that an (oo, N) atom is in H?. Moreover, for the necessity in
case a =n + 2/, 1=0,1,..., it is enough to assume the norm inequality for any
component of I,. One can also prove analogues of Theorems (1.4) and (1.5) in case
a = n + 2] for the operator f *|x|“ "log|x|. Such results can be stated as above
without modifying the conditions.

In view of Theorem (1.4), it is of interest to know when (1.2) and (1.3) are
equivalent. The next two theorems give relations between these conditions and the
condition

W) WI"u(1) " < o f u(x)7o(x) 7 dx,  1<p<oo, %+ % _1.
I

We point out that (1.6) requires 1 < p < oo. We say that u and v are comparable if
there exist 7, s, ¢;, ¢, > 0 such that

cl[U(E) " u(E) [9@]

o(1) | S 7w S

for any cube I and any measurable subset E of I. With the terminology of [3] this
amounts to the statement that v/u € A (u dx) (or that u/v € A (v dx)). Either of
the two inequalities above, of course, implies the other. We refer the reader to [3 or
11] for the definition and properties of the spaces 4,(dp) and 4,(dp).

THEOREM (1.7). (i) (1.6) = (1.2) if 1 < p < o0, and (1.6) = (1.3) if 1 < p < o0 and
u€ D,

(ii) (1.2) = (1.6) if u and v are comparable and 1 < p < oo. Thus, (1.2) = (1.6) if
u=v"?1/q=1/p —a/n,1 <p <n/a.

(iii) Any of the three conditions implies that 1 /p — 1/q < a/n unlessu = 0 a.e.

In particular, (1.6)= (1.3)=(1.2) if 1 <p <o and u€ D, and all three
conditions are equivalent if u and v are comparable and u € D,. For example, all three
are equivalent if u = v?/?,1/q=1/p —a/n,1 <p <n/a,u € D,.

Theorem (1.7) is proved in §5.
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In case g > p we also have the following results relating (1.2) and (1.3). A weight v
is said to satisfy the reverse Holder condition of order r > 1, thatis, v € RH,, if

(I I[v(x) dx)l/r\c—/v(x)dx

This condition is easily seen to be equivalent to v” € A (see Corollary (6.2); by 4
we mean A4  (dx)).

THEOREM (1.8). If1 < p < q then (1.2) and (1.3) are equivalent if either v € RH
1/p*=1/p—a/n,p<n/a,orifu€ A andv € D_.

p*/p’

Thus, for example, (1.2) and (1.3) are equivalent for 1 < p < n/a and q > p if
v=1orifu=1andv € D,. Theorem (1.8) is proved in §5.
We now give an example of a pair of weights satisfying the conditions.

THEOREM (1.9). Let 1 <p < 00,a>0,0<1/p~1/9< a/nand B/n=a/n —
(1/p — 1/q). Let {a, }}~, be distinct points of R" and, for p, > 0 and M > B, define

(=) = 1+ 1

| 23
1+|x—akl) ’

a(x)—(l"'l |)M Bl_[

Yk
S

If w e D* and, when g > p, if w € RH
satisfies (1.6) and u,v € D,

For example, if the dimension n = 1, and we choose each p, to be a positive
integer and M = ¥p,, then II(x) is equivalent in size to |Q(x)|, where Q(x) is the
polynomial Q(x) = II(x — a,)"*. In this case, [I4(x) is equivalent to

4/p» then the pair (u, v) = (I'IZw"/P, I1°w)

_Bk
2GOI(1 + 1)) ‘*n(—')

1+[x —a

where 8, = min{p,, 8}.
Theorem (1.9) is proved in §6, as is the following corollary of its proof.

THEOREM (1.10). Let 0 <p < 0, a>0,0<1/p—-1/9< a/nand B/n = a/n
—Q/p — 1/q). Let {a, }7_, be distinct points of R" and, for 0 < v, < B, define

*(x) = (1 +x))” l‘[ (T-tlll)

Then the pair (u, v) = ((v/?/I1*]% v) satisfies |1, fl| s < cl|fll gy if u, v € D, and,
in addition, when q # p, if u € A_. In fact, under these conditions (u, v) satisfies (1.6)
ifl<p<ooand(12)if0<p <1l

Although we have so far only considered the behavior of fractional integrals on
weighted H” spaces, our theorems also yield results for weighted L” spaces,
1 < p < oo, if we restrict the weight function v which appears on the right to be one
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for which H? and L? coincide. Such weights have been studied in [16] for » = 1 and
in [2] for n > 1. For example, Theorem (1.4) remains true for such v if H? is replaced
by L7 and H/ is replaced by L{. Note that |1, f|| ;s < c||If|| gs if fis an atom, since
then I, f < (I,f)* a.e. due to the fact that I_fis locally integrable. Actually, for the
sufficiency statement, if we deal directly with L, the hypothesis that « € D_ can be
weakened: see the argument in §7. In §7 we will prove the following result
concerning general functions fin L/ whenv € 4,,.

THEOREM (1.11). Let1 <p < 00,0 <a <nand0<1/p—-1/q<a/n.Ifv€ A4,
and I f = f *|x|*™", then condition (1.3) is necessary and sufficient for the inequality
WMafllLg < €l fllze-

In this result it is not assumed thatu € D_.

By combining Theorems (1.11) and (1.8) we obtain conditions under which (1.2) is
necessary and sufficient for ||1,f|| ;¢ < || ||, for general f. Thus, if 1 < p < g and
v € A4,, we see (1.2) is necessary and sufficient if eitherv € 4,. ,,, 1/p* =1/p —
a/n,p <n/a, orif u € A_. For example, if 1 <p <n/a, ¢ > p and v = 1, then
(1.2) is necessary and sufficient for || I, f|| .¢ < c||f|| .»- This is the main result of [1].
The main result of [12] also follows in this way, as will be shown later. Other
necessary and sufficient conditions are given in [4, 7 and 8], but it is not obvious how
these are related to (1.3).

As a specific example of the kind of results which hold when v & 4, we mention
the following theorem for the case n = 1.

THEOREM (1.12). Let 1 < p < 0,0<1/p—1/g<aand B=a - (1/p - 1/q).
Let Q(x) =T17_,(x — a, )" be a polynomial with distinct real roots {a,} and order
M > B. Let v(x) = |Q(x)|?w(x) and

_ -8 T lx_akl Il a/p
u(x) = {lQ(I(1 + 1) IT (——1+|x-ak|) }w(x)

where B, = min(p,, B), w € A,, and, in addition, when q # p,w € RH_ . Let R f
be defined by

RIf(x)= [ fI)x-p)*"ay
when f is an (o0, N') atom. Then ||R f|| 14 < cl| f|l p for such f.

A similar result holds for the transform

RS ()= [T f) =2,

and there are n-dimensional versions. We shall not investigate such results in this
paper but postpone them until [17], where a direct proof not depending on the main
results of [16] will be given. This direct proof is based on kernel estimates and also
shows how Rf is to be defined for general f in L?. It is necessary to modify the
definition of R for general f since there may be functions in L? which are not even
locally integrable.
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We would like to point out that special cases of our results imply the main
theorems of Macias-Segovia [10] and Muckenhoupt-Wheeden [12]. These theorems
are concerned with the case when u = v%/? and 1/¢ = 1/p — a/n (so 8 = 0). See
the short remark at the end of the paper for details.

In passing, we would like to thank Dr. C. E. Gutierrez and Dr. A. E. Gatto for
several helpful comments about the proof of Lemma (6.6).

2. Background facts. In this section we list several lemmas about weight functions
and H? spaces which will be useful in proving the sufficiency parts of Theorems (1.4)
and (1.5). Some other facts about weight functions needed for Theorem (1.9) are
given in §6.

We first note, as mentioned in the Introduction, that if fis any bounded function
with compact support, then I, f is bounded if @ < n and has at most polynomial
growth if @ > n. In fact, if fis supported in | y| < R, then

(NG <Wlem [ ="y < callf e (1 416D
y

If f also satisfies moment conditions, we will see later than I f decays more rapidly

at co. We also note that if f is a multiple of an (o0, N) atom and N is sufficiently

large, then the Fourier transform [, f] of I_f satisfies

. Canlxl (%) fatn+2,1=01,. ..
[1,f] (x)=

ca‘nx|x|_a_1f(x) ifa=n+2L

Here, the Fourier transform is taken componentwise in case « = n + 2/. Of course,
no moment conditions are required when 0 < a < n. These formulas may be derived
by using [6, Volume 1, pp. 194-195]. See also [14, p. 117] when 0 < a < n. It is
shown in [6] that the function whose Fourier transform is |x|~%f(x) for a = n + 2[1is
a constant times f * |x|*~"log|x|.

We now list three lemmas used in the next section. A weight v € D_ is said to
belong to D,, 1 < s < oo, if v(¢I) < ct™v([I) for all + > 1, where ¢I is the cube
concentric with I whose edgelength is ¢ times the edgelength of I. Clearly, D =
U, 1D,. We will also use in §6 the simple fact that any v € D_, satisfies a reverse
doubling condition, denoted by v € RD,, ¢ > 0, which means that v(¢I) > ct"v(I)
for all # > 1. Finally, for a real number r, int r denotes the greatest integer < r.

Lemma 2.1). () Ifve D_,1 <p < oo, N> 0andf € H?, then f = ¥\ a,, where
A, >0, a, is an (00, N) atom supported in a cube I, the sum converges in H? norm
and in the sense of distributions, arld EA X7 Mz < el fll g

(ii) Let ve D,, 1 <p <oo, N=ints(n — 1) and {a,} be (0, N) atoms with
N > N and a, supported in I,. Then if YAxy, € LY, EAyay converges in HY and

IEA caill e < cll2A el o

This lemma as well as the next one are proved in [15]. The condition on the size of
N can be relaxed if w also belongs to A4, (see [15]).
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LEMMA (2.2). Let vED,, 0<p<1, N=ints(n — 1)/p. If f € H?, then f =
Y\ ,.a,, where X\, >0, a, is an (o0, N) atom with support in I, N > N, the sum
converges in HP and in the sense of distributions, and (N (I,))"/? = || f|| yp. The
converse also holds.

Finally, we have
LemMMA (2.3). Ifv € D, thenfor1 < p < o0,A, > 0andt > 1,

|IZ>‘kX1Ik S ct"’"Z?\kxh

This lemma, which is also in [15], can be proved as follows. If p = 1, the left side
equals

Ly

zxkv(tlk) < ctn:ZAkU(Ik) = Ctm

ZAkXI,‘

s
Forl < p < oo,

"E}‘szlk”L; = Squ Z}‘kx:lkgv dx,
the sup being taken over all g > 0 with||g|| ., = 1. But,

_ gu dx
f Z)\kxllkgv dx = Exkl: A ]U(tlk)

ns gvdx ns
< ct Z}\k[’/;lk o(il,) o(I) < ct f(Z}\kx,k)Mv(g)vdx,

where M,(g) is the Hardy-Littlewood maximal function of g with respect to
v-measure:

M,(g)(x) = sup % 0

I'Isx

By Holder’s inequality, the last expression is at most
LN ixr || 1M.(8)

and the lemma follows since || M,(g)|| r <cllgllyy =c.

ctns

Ly Ly

3. Sufficiency for Theorems (1.4) and (1.5). We begin by proving the sufficiency
part of Theorem (1.4). Thus, let « >0, 1 <p, g< o0, 0<1/p—1/9< a/n,
u € D,and v € D,. Let a be an (o0, N') atom supported in a cube I C {x: |x| < r}
with |I| ~ r”. Write

(La)(x) = [ a(y)K(x=y)d,

where K(x) = |x|*""ifa # n + 2/,1=0,1,2,..., and K(x) = (x;/|x]|x|*"", j =
1,...,n, if @« = n + 2/. An argument for the alternate definition in case a = n + 2/
is given at the end of this section. Decompose K(x) = £ ,K,(x), where K, is
supported in |x| < 2r, K;in 2" < |x| < 2'*1r,i = 1,2,..., and |(3/3x)#K,(x)| <
¢|x|*~"~1#! for any multi-index 8. Then

(La)) = £ [ a()K(x =) = T bx).
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Note that b, is supported in |x| < 3r, b, is supported in a ring comparable to ihat
supporting K for i > 1, and b, satisfies the same moment conditions as a:

fbi(x)xﬁdx =/ (/ a(x —y)dex)K,-(y) dy
- [ ([ 0+ x| K () @y = 0

for |8] < N, since (x + y)# is a polynomial in x of degree |B|.
We will now estimate ||| .. Fori = 0, 1 or 2, we have

b.(x) < [ la(y)| K, (x = y)ldy < ¢ [ .

. lx — yla_ndy = cr®.
|x—y|<2°r

For i > 3 use Taylor’s theorem to write
1 3 \# B
K(x—y)= )> F ax K, (x)|(-»)" + R(x, y).
IBl<N &°
If |y| <rand 2! <|x — y| < 2'*1r, then |x| ~ 2'r and, in particular, |x| > 2|y|.
Thus, for such x and y,
RCx, )< exyl™ 7 el™™" " < erVri@ir) TN < grammitemnmNoy,

Since fa(y)y?# dy = 0 for |B| < N, we obtain

)= | [ a()R(x, ) db| < o2 ¥ 0 [ la()lay

< crmzi(a—n—N—l)E B,

Collecting facts we see that

00 [o o] b,‘ ( x
(3.1) (ILa)(x) = Xbi(x) = Lp,| ——— |,
0 0 K
where b,(x)/p, is an (c0, N) atom supported in ¢2'I. Moreover, for any x, b,(x) = 0
except for at most 3 values of i. We also note that Lb, converges as a distribution to
I, a: in fact, if ¢ is a Schwartz function, then

Y [ bgldc <lgllp X p, —0
i>J i>J
asJ > wif N>a—n-—1.
Now let f be any (oo, N) atom. By Lemma (2.1) we can write f = X{°A a, with
A,>0, a, an (oo, N) atom supported in I, and || XP°A,x, ., < cllfllgp- Let
far = M\, a,. By what was shown above, we have

La,= Zbk.i = Zl"‘k,i(_i)’

b
Pog.i

where p, ; = c|I;|*/"2/*~""N"Dand b, ,/p, ;is an (c0, N') atom supported in c2'];.
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Thus,

M M b .

I.fu= Z A(La,) = Z }‘kZl‘k,i(_k’L)~
k=1 k=1 i Pic,i

We note that the summation in k is extended only over a finite number of k’s, and

that for each x and k, there are at most 3 values of i for which b, ,(x) # 0. Hence,

the double sum converges pointwise to I, f,,. Moreover, it converges to I, f,, as a

distribution since each X;b, ; converges as a distribution to I,a,.

Note that

<X

Ly i

<cy

1

Zxk”’k,chZ"Ik

" z)\k#k,ixczilk
ki k

Lg

Ak“k,ilczilkl_a/”)(cz"lk
k

v

by condition (1.3) applied to {c2'1, },. Since v € D, for some ¢, Lemma (2.3) shows
that the last expression is bounded by

CZZint

Substituting the value of p,; and noting that R7,|~*/" = 27"|I,|=*/", we get at
most

. —a/n
E)\k#k,i|02'1k| X1,
k

Ly

< cllfllee,

c22int 2—ia2i(a—n—N—l)
i Ly

Z}‘kXIk
k

provided N > nt — n — 1. By Lemma (2.1) (ii) applied to I, f,, with N > int s(n — 1),
u € D,, it follows that

(32) 1o fre

with ¢ independent of M and f.

To complete the proof that |1, f|| s < c|| | 5 for such f, we claim that the atomic
decomposition of f can be chosen so that I,f,, = I,f in H? as M — oo. This will
clearly suffice. The argument needed to prove this claim is mainly dominated
convergence combined with the special nature of f. Let g* denote the grand maximal
function of g. By [15] the atomic decomposition may be chosen so that the partial
sums f,, = XX a, converge in (Lebesgue) measure to f, A, > 0 and LA, x 1, < of*
This will be enough to show the claim if we also use the following majorizations:

HI S cllf e

(3.3) If(x)< (@ +]x)7",

(3.4) f2x) < e +x)7",

(3.5) ILf(x)| < c(1 +x]) 7",

(3-6) (Lf)*(x) < (1 +|x|)™",

(3.7) [fu(x)] < ef*(x) < c(1 +Ix) 7",

(3.8) fa(x) <@ +x)7",
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(3.9) L/ ()] < e(1 +x])™*
(3.10) (Lfu)*(x) < e(1 +1x]) "
Here L may be chosen as large as desired by taking N large, and the last four
estimates are uniform in M. Inequality (3.3) is obvious for any L since f is bounded
and has compact support. The next four inequalities can easily be derived from (3.3)

and the fact that a large number of moments of f vanish. Let us show (3.5) for
a # n + 2/ for example. First note that if |x| < 1, then

|1af(x)|<6([vl>2( +) dy+f Ix—yla_"dy)

< C(fk (1 +I) DI "y + Iyla_"dy) <

since a > 0. This shows that I f(x) is bounded for |x| < 1. If |x|] > 1 we use the
moment conditions to write

i) = [ k== £ () W o

IBISN

IyI<3

We will consider the three domains of integration, |y| < |x|/2, |y| > 2|x| and
|x|/2 < |y| < 2|x|, separately. If | y| < |x|/2, Taylor’s theorem gives the bound

W/ O™ dy.

Given L, pick N so large that ¥+ 1+ n — a > L. Then using the estimate
lf()I< e+ |ypt, with L’ > N+ 1+ n, shows that [|f(y)||y|¥+1dy < oo,
and the desired estimate follows in this case. If | y| > 2|x|, then both |x|, |y| > 1, and
the integral is bounded by

Cf'VI>2|x| O+ 161 @y

a—n N
<c 1+ [ + Y] @

1> 2|x|

The desired estimate now follows easily by choosing L’ sufficiently large and using

-L L'—-L
L+ <@+ +1y)
Finally, the part of the integral with |x|/2 < |y| < 2|x|is bounded by

-L' a—n a—n
c X — + |x d
KWKMQM“'[' AT+ @y

-L’ a—n a—n -L
<cel ™[ =TT dy < el
Iyl <2lx
Combining estimates, we obtain (3.5).
To derive inequalities (3.8)—(3.10) we fix M and group the atoms as follows. Let I,
be the unit cube centered at the origin, and let I~J =27, j =1,2,.... Define
M

M
> A\a, and ¥a, = Y Aa, j=1,2,...,
k=1 k=1

I.cl, rci, nel
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where v, is the L* norm of
M

E )\kXIk(x)-

k=1 _
nel.nel_,

Thus, 4, is an (o0, N) atom supported in I, and T}, a, = Z}L,%d;. To estimate
7;, note first that if |x| > 2/7%, then

M
Y Ax (%) < of*(x) < e(1 +1x) < 2t
k=1

If |x| < 2773 the edgelength of any I, such that X (x)#0and [, « fj_l must be at
least 2773, so I, must contain at least one of the 2" points y, = (27 %,,...,2/7%,),
where each ¢, is either 1 or 1. Thus, if |x| < 2/73,

M » M 2n A
) Axr(x) < X X Mxp () € X 2V =2t
k=1 _ I=1 k=1 -1
Lcl, el

by the above estimate since |y;| > 2/~ It follows that 7 < 2~/ with ¢ indepen-
dent of ;.
Since a¥(x) < ¢(1 + |x]27/)~ with ¢ independent of j, we have

M * M’ * 0
(Z Aea, | (x) = E%ﬁf) (x)<e X 2771+ x7) " <ol +x)7"
k=1 j=0 j=0

for any L < L’, which gives (3.8). Similarly,
11,8,(x)] < 271 +[x|27) ",

and we get (3.9) by summation. Finally, writing I, ; as a sum of atoms as in (3.1),
we have

o]
(Iaiij)(x) =2/ ): z-i(N+1+n_a)5j,i(x),
i=0

where b, ; is an atom supported in ¢2'/; and

o0
(Ia&j)*(x) <20y 2_i(N+l+"_a)(i’j,i)*(x)
i=0
N s ’ ’
< €2/ Y 2N H R = (] |21 )E < e2e(1 + |x[270) 7"
i=0
by choosing N sufficiently large depending on L’. Summation over j now gives
(3.10).
To see how (3.3)—(3.10) imply that I, f,, converges to I, f in HZ, first note that
1, f)s converges pointwise to I, f by using the facts that f,, converges in measure to f,
(3.3), (3.7) and

[ @+ =y <0 (L>a).
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Since u € D, we have
(3.11) f (1 +x)) u(x) dx < oo
R

provided L > ns/q. Thus, (3.5) and (3.9) together with the Lebesgue dominated
convergence theorem imply that I f,, converges to I, f in L? as M — oo. In
particular, this convergence is in L?, so that |[1,(f — f,)]*|l,2 = 0. Note by (3.6)
and (3.10) that [1,(f — fu)I*(x) < ¢(1 + |x|)~L with ¢ independent of M. Given
¢ > 0, pick 8 such that

f (1 +|x]) ““u(x) dx < e and (1 +)x]) "u(x) dx < e,
|x|>1/8 {x:u(x)>1/8}

noting for the second of these that the measure of the part of {x: u(x) > 1/8} in
any bounded set tends to zero with 8. Thus,

102 = Lafaad* i = [ (20 = fin)](0) Pu(x) dx

</ + +
|x|>1/8 {x:u(x)>1/8} {x:|x]<1/8,u(x)<1/8}

q 1 * q
< 2c% + gfm(w [1.(f = fu)]*(x)? dx.

If » = min(gq, 2), the last term on the right is bounded by

et [ (1= f)]

|x|<1/8

which by Holder’s inequality is at most

[1.(7 = i)l #2872,
This tends to zero as M — oo, and we conclude that

Mo f - Ian'Hﬁ =“[Iaf_ Ian]*”L‘,f -0
as M — oo. Thus, our earlier claim is established and the proof of the sufficiency
part of Theorem (1.4) is complete.

The proof of the sufficiency part of Theorem (1.5) is similar. Now 0 < p < 1 and
we consider the cases ¢ > 1 and g < 1 separately. In either case, for an (c0, N) atom
f, we use Lemma (2.2) to write f = Z°A  a, with A, > 0, a, an atom supported in
I, and (PN (L))? < ¢l fll - 1f ¢ > 1 and fy, = E}'X, a,, we argue as before to
obtain

8717

||Ian||Hg ¢ Z:}\k#k,ixcz'/A
ki

L,

Using Minkowski’s inequality, the definition of u, ; and the fact that u € D,, we see
the right side is bounded by

CZ)\kz«a—n—N—l)lIkl"/"u(Czilk)l/q < CZ2i(a—n—N—1)2ins/q>\k|1k|a/"u(Ik)l/q'
ki k.i
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Choosing N > a — n — 1 + ns/q and performing the summation in i shows the last
sum equals

a/n
CZ)‘kIIkI u(I,) l/q CEMU(I;( e
by condition (1.2). Since 0 < p < 1,

?‘*”(’k)l/p < [%A’zv(zk)]”"

and we obtain

1/p
(3.12) Mfollg < c[gxzv(m]

The right side of (3.12) is at most c|| f|| , and we have verified (3.2). The rest of the
proof works as before.
If, on the other hand, ¢ < 1, then the fact that

b
Ifu= ): Z}‘k“kx( k'),

k=1 i P

where b, ,/u, ;is an atom supported on ¢2'I,, implies that

I ‘ RZ
| 2 (Aehys) “(cz'lk)]

[ k,i

Since u € D,, the right side is at most

o ve [ /N T[N Dt 1/q
| Z ) 2ma(a)| = | E () (R v uc
k,i i

L &

[ 1/q
a/n\ 9
S¢ X(Akllkl ) “(Ik)] ,
| k

provided N > (ns/q) + a — n — 1. By condition (1.2), we obtain the bound
c[EA%v(1,)9/P1'/9, which is at most c[EAfv(1,)]*/? since q/p > 1. This gives (3.12),
and so completes the proof of the sufficiency in Theorem (1.5).

If in case a =n+ 2/ we use the alternate definition of I f, viz. I f=
f *1x|*""log|x|, then the above argument requires only minor changes. The main
change occurs in the estimate for ||b,||,, when i = 0, 1, or 2. Since |x — y|*~" is now a
polynomial, we may write, for N > a — n,

.01 =| [ a({K(x = 3) =l =5 " 1ogr}

< [ la()I K (x = y) =|x =y "10g rlay.

Since b,(x) = 0 unless |x| < cr,

bx)<ef -y

|x—=yl<cr

log( [x :yl )(dy < cr®.
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The argument for i > 3 works as before providled N >a~n—-1(Ge, N>a —n
when a is an integer) since

2/ 2/-N-1
DV H|x - y["loglx — y|} = clx — y|

when N > 2.

4. Necessity for Theorems (1.4) and (1.5). Let [, be the unit cube centered at the
origin, and let a, be an (o0, N) atom supported in /; such that I a, is not identically
zeroin I,. Incasea = n + 21,/ =0,1,..., we work instead with a, * x,|x|* "~ ! for
any fixed i. Since I,a, is continuous, there is a cube I, C I, and a constant ¢, > 0
such that |Iay(x)| > ¢, for x € I,. If I is any fixed cube, let L, be the affine
transformation of R” such that L,(I,) = I: if I has center x, and edgelength §, then
L,(x) = x; + 8x. Define a,(x) by a,(x) = ao(L;'(x)), and note that a, is an
(o0, N) atom with support in I. Moreover, if I is the cube defined by I = L,(1,), a
change of variables easily gives |(I,a,)(x)| > c,|1|*/" for x € I. This also holds in
casea =n+ 21,1=0,1,.... Thus,

HY = ”(Iaal)*

Since ||1,a,|| 74 < clla|| 4 by assumption, we obtain

I1,a, vy > eoll| " u (1)

a/n ~
coll”"u(1)"? < cllall -
If0 < p < 1 then||a,|| 4 < cv(1)"/?, and, if p > 1, then

1
la e < elix iz = c(1)"”

again. Thus, in any case, |I|*/"u(I)'/? < cv(I)"/?. Finally, since I c I and |1|/|1| =
|I,/|1,| is a constant independent of I, we have u(l) = u(I) by doubling, and
condition (1.2) follows.

The argument is essentially the same if I_f is given by the alternate definition in
case a = n + 2/. In fact, a change of variable gives

2/
(La))(x) = 8" [ ag(y)lx = L;(»)| loglx — Ly(y)ldy.
Ifx=x,+6z:z¢€ io, then

logx — L;(y)| = log(8ly — z|) = log & + log|y — z|.

Hence, from the above formula and the moment properties of a,, we obtain
(I,a,)(x) = 8%1,ayXz). The rest of the argument is as above.

5. Theorems (1.7) and (1.8). We begin by proving Theorem (1.7). To show (iii)
note that if (1.2) holds then

( u(1) )‘/" <o ( o(1) )‘/”,,ll/p-l/q_a/n‘
1] 1" 1]

If 1/p — 1/q > a/n, the right side tends to zero a.e. as |I| — 0. Thus, u(I)/|1| - 0
a.e., so thatu = 0 a.e.
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It is easy to see that (1.6) implies (1.2) for 1 < p < oo as follows. We have
(1) = 1 (1) (1)

< c(f ul/Pyl/p dx)u(l)'l/pl by (1.1)
I

1/p’ 1/p i
<c(/udx) (fvdx) u(1)™7?
I T

by Hoélder’s inequality. Since the last expression equals cv(1)/?, we obtain (1.2).

Let us now show that (1.2) implies (1.6) when « and v are comparable, 1 < p < co.
We then have v/u € A_(udx), and consequently, there is a constant ¢ > 0 such
that for any cube I, v/u exceeds v(I)/u(I) = [,(v/u)udx/u(l) on a subset E of I
with u(E) > cu(I). It follows that

v(I) 1 v )’
—)ud
u(1) S ( IAE )
for any ¢ > 0. Using (1.2) and then the last inequality with z = 1/p, we get
™" u(D)7 7 < (D) Pu() = c[o(1) /u(D)]7u(1)

1/t

c(u(ll)j;vl/”ul/"'dx)u(l) = c'[; o/ Pul/P dx,

This shows that the pair u, v satisfies (1.6), as desired.

Next, we will show that (1.2) implies (1.6) if u = v%/? and 1/¢=1/p — a/n,
1 < p < n/a. This is easiest to see directly, but can also be obtained by showing that
u and v are then comparable. For a direct proof, note that condition (1.2) in this case

is
1 , p/q 1
— | v¥/Pdx < c— fvdx,
( ] f, ) 1] f'

i.e.,, v € RH a/p while condition (1.6) is
1 Y i /p\1/P'+1/q
51 — | v9Pdx < c— a/p dx.
G1 (i) A

To show the last inequality, note, since v € RH

(lllf:"d"

This in turn is less than the right side of (5.1) by Holder’s inequality since
(¢/p)1/p" +1/4q) > 1,duetog > p.

To prove the same conclusion by showing that u and v are comparable if u = v9/?,
1/qg=1/p — a/n and (1.2) holds, note by [11] that v € RH, , implies vi/’? €
RH, ,, for some ¢ > 0. This gives

1 / 1) I/r
(q/p—Dr,
(v(I)—/;U dx) <c

a/p that the left side is at most
)(q/p)(l/p’ +1/9)

1
v/pr 4
v(I)-/lv x

for some r > 1, which implies v?/?~! € A_(v dx), i.e.,v/u € A (v dx).
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To complete the proof of Theorem (1.7) we must show that (1.6) implies (1.3)
when u € D, . This will be a corollary of the following lemma, which is also useful in
proving Theorem (1.8).

LEMMA (5.2). Let u and v be measures, a(1) > 0 and

(M) = sup 2L [ 17(0) )

Ifve D, and 1 < p < q < o, then the condition a(I)u(I)/? < cv(I)/? is neces-
sary and sufficient for the weak-type estimate

o{x: (Mf)(x) > A} < c[lflegA]”, A>0,
where1/p + 1/p' =1,1/q + 1/q' = 1 and c is independent of f and X.

PROOF. Assume that a(I)u(I)/9 < co(1)/? and v € D,. Fix A > 0 and let
E = {x: (Mf)x)>A}. If x € E there exists I containing x such that
a(I) [} f()|u(t) dt/v(I) > \. Thus,

(1) < (E—,’i/ () u() dr)pvm

< %( LU u dz)p'/qlu(z)"’/"

/4] 7 . p/e
- ["(Z Li” | ([ una)”

U(I)p'/p 7 P /q
< c—u(I)”"l (fl If (1) u(t)dt)

- [ [ ot dr)m'

by using the condition and the fact that p’/p = p” — 1. We choose one such I for
each x € E and then use the Vitali covering lemma in its simple form to pick
0 < ¢ < oo and disjoint I,’s of this type such that v(E) < cXv([,). Here, we use the
fact thatv € D, . Thus,

S

Vo) < T [ 10 utr) dt)m' <= f voruo af

since p’/q’ > 1 (ie, p < q). Thus, N?v(E) < || f||§y as desired.
For the converse let f = x,. If x € I we then have (Mf)(x) > a(I)u(I)/v([I).
Picking A = a(1)u(I)/2v(I), we obtain from the weak-type estimate that

u(I)l/q' }P’
a(Du(I)/20(1) |~

v(I) < c[
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i, a(1)Pu(1)3~Y9% < co(I)P' "1, which is the same as a(I)u(I)7 < co(1)"/?.
This completes the proof of the lemma.

We remark that a version of Lemma (5.2) holds for p = 1 if we replace the
weak-type estimate by || Mf||,, < c||f||.s. We also note that the above assumption
that v € D, can be dropped by using only cubes with center x when defining
(Mf)(x). The proof of this assertion is based on the Besicovitch covering lemma
rather than the Vitali lemma. For the applications we have in mind, however, either
version of the lemma ultimately leads to the same results.

In special cases the weak-type estimate given in Lemma (5.2) can be replaced by
I1Mfl < cll fll .g- We now discuss three such results and show how they lead to
proofs of Theorems (1.7)(i) and (1.8).

LEMMA (5.3).If 1 <p < g < oo,u € D_and

u(I)l/p—l/tl

(M,f)(x) = sup ) fllf(t)lu(t)dt,

I:xel

then

M fller < ellfleg,  1/p+1/p"=1,1/g+1/q =1.

This result is also contained in Theorem 2 of [13].

PrOOF. Fix p and g with 1 <p < g < oo and let a(I)= u(I)/?~1/9. Then
a(I)u(I1)!/9 = u(I)"”? and, consequently, a(1)u(I)/9%¢ = y(I)}/?*¢ ¢ > 0. De-
notel/q+e=1/q,,1/p+e=1/p;,1/g—e=1/q,and1/p — ¢ = 1/p,. Thus,
if ¢ is small, we have 1 < p, < ¢q; < o0 and a(I)u(I1)*/% = u(I)"/? for i = 1,2 as
well as p; < p < p, and ¢, < g < ¢g,. By Lemma (5.2), M, maps L% into weak L7
for i = 1,2. Hence, the desired result will follow from the Marcinkiewicz interpola-
tion theorem if we show there exists ¢+ with 0 < <1 such that 1/¢’ =t/q; +
(1-1t)/q5and1/p" =t/p] + (1 — t)/p5. This amounts to requiring 1/q = ¢t/q, +
1-1¢)/q,and 1/p=1t/p, + (1 — t)/p,, which follow easily from the definitions
of p, and g, if we taket = 1/2.

We now complete the proof of Theorem (1.7) by showing that (1.6) = (1.3) when
u € D,. Wehave forA, > 0,

| ZML "),y = sup [ (ZAMLS X, ) gu

where the sup is taken over all g > 0 with ||g|| .o = 1. Write

[ (ZMLS"x,, ) gude = TN | qud

(5.4) a/n

. I
=) A v /Pyt/p dx) |k— udt|.
z k(/;k f’ v /Pyt/p dx'l;kg
k

By (1.6),

[Ila/"u(l)l/qﬂ/pl < cf o Pul/ P dx.
I
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Therefore, the expression above is bounded by

Up Ly u(Ik)l/p—l/q
A P10 g o S ¥
cz k(flkv u x) u(Ik) '/;kgudt

< CZ}"‘fl M,(g) 07" dx = ¢ [ (EXixs,) My(8) o/ 7u/7 d.
k

Rewriting the integrand in the form [(EXA,x, )v"/?][M,(g)u'/7] and applying
Holder’s inequality with exponents p and p’, we get at most c|[XA . x || Lo IM (&)l .z
Since u € D,,, Lemma (5.3) implies || M,(8)|| .» < cl|gll . = ¢. Collecting estimates,
we see that (u, v) satisfies (1.3), which completes the proof of Theorem (1.7).

To prove the first part of Theorem (1.8), we use the following lemma.

LEMMA (5.5). Let 0 < 6 < 1and

(M,f)(x) = sup %(T%—fllf(t)lu(t)dt.

Ixel

IfvEe D, 1<p<1/8,q>pandu(l)< co(1)*?29, then ||M,f| ., < cllfll5-

PrOOF. Note that the condition on u and v may be written v(I)%u(1)"/9 <
co(I)/?. Fix 8, p and gq satisfying the hypothesis, and let § = (1/p — 8)q. Thus,
6 > 0 and u(I) < cv(I)®. Pick p, and p, close to p with 1 <p, <p <p, <1/8,
and define ¢, and ¢, by (1/p, — 8)q, =6, i = 1,2. Note that ¢, < g < ¢, and
o(I%u(I)V/% < co(I)/Pi for i = 1,2. We claim that p, < g, (if the p, are chosen
close enough to p). This will use the fact that p < ¢. In fact, p; < g, amounts to
pi<8Q/p,—8)Yortol/p,—8<8/p,=(1/p— 8)q/p;). This holds with strict
inequality if p;, = p since g > p. Thus, by continuity, it also holds if p; is close to p.
Since v € D, Lemma (5.2) implies that M, maps L into weak LP fori=1,2. By
interpolation, || Mf||; < c||f|l,; where 1/q" =1/q{ + (1 —1)/q; and 1/r" = 1/p;
+ (1 — t)/p5. A simple computation shows that

l=1—0(—t—+l_t)—8=1—£—8=1—
9 9 q
Thus, r’ = p’ and the lemma follows.

The proof of the first part of Theorem (1.8) is now similar to that of Theorem
(1.7)(). Let1 <p <n/a,q > p,v € RH,. ,,, where 1/p* = 1/p — a/n, and (u, v)
satisfy (1.2), i.e., |[7|*/"u(1)"/7 < cv(1)"/?. We must show that (u, v) satisfies (1.3).
As before (see (5.4)), it is enough to show that

a/n
(5.6) ENILT [ gudt < | ZA s
k
for A\, > 0, g > 0 and ||g|| .4 = 1. Note by (1.2) and Holder’s inequality that
1/p 1/p*
u(I)l/qsﬁgc(fv"'/”dx) .
™" '

Thus, letting w = v?"/?, we have
(57) u(]) < CW(I)q/p‘ - CW(I)(I/p_a/")q.
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The left side of (5.6) equals

"

1/pu,1/p kL
Zkk(/,kv Pyw de)(flvl/Pwl/p,dx‘/;kgudt).

M 4 * ’ _
Since v1/Pwl/P = wl/P*+1/P = yl-a/n

a/n a/n

e
[0PwW P dx [wt e/ dx

(5.8)

However, the fact that v € RH,. , is equivalent to w € 4 (see, e.g., Corollary
(6.2)), which implies

(WD) < e f wh=e/n /.

Hence, (5.8) is bounded by cw(7)*/"~! and, consequently, the left side of (5.6) is at
most

a/n
1/p /P w)™”
cz}\k(f[kv w dx)( w(l) j;gudt.
If we define

. w(I)a/n
M,g)(x) = sup ——~— | gudt,
(Mae)( r:xer w(I) '/;
we get at most

cZ)\kf (M,g) v/ Pw'/? dx = cf (Z)\kxlk)([{zg)vl/pwl/p’dx

2/

< C||2?\kx1k

Now apply Lemma (5.5) with 8, u and v there taken to be a/n, u and w, respectively.
Note that w € D_ since w € 4, and that (5.7) is the condition required of u and v
in Lemma (5.5). Thus, || M, g|| Lz < cligll.g = ¢, and (5.6) follows. This completes the
proof of the first part of Theorem (1.8).

Finally, to prove the second part we use the next lemma.

LEMMA (5.9). Let

L Itgle.

%
(1)) = sup S [ 7)) ar.

Ifve D,,8>-1/q,u(I)?P®*VD < cv(I)and1 < p < gq, then
M, f Ly S cllf

LY.

PrOOF. The proof is nearly the same as that of Lemma (5.5). Note that the
condition on u and v may be written u(1)°u(1)/? < co(I)'/?. Fix §, p and ¢, and
let @ = (1/pX8 + 1/9)7), so that 8 > 0 and u(I) < cv(I)®. Pick p, and p, with
1 < p, < p < p,, and define g, and ¢, by 1/p, = (8 + 1/4,). If p, and p, are close
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to p, we have ¢, < g < q,, u(I)®u(I)"/% < cv(I)"/? and p, < ¢, the fact that
p; < g, amounts to 1/q, < 1/p,, or to (p/p;}(6 + 1/q) — 8 < 1/p,, which is true
for p, near p since ¢ > p. Thus, by Lemma (5.2), M; maps L% into weak L7/,
i = 1, 2. The conclusion of the lemma now follows as usual by interpolation.

To show that (1.2) implies (1.3)if 1 <p < g < o0, v € D_ and u € 4_, note by
Holder’s inequality and (1.2) that

<" u(1)Y? < co(1)77.

a/n+1/q
(f ul/(aq/n+l)dx)
I

Hence, letting w = u!/(*9/"*D_we have w(1)*/"*1/9 < co(I)*/?. The idea of the
proof is to take advantage of this fact. It is enough to show (5.6) for g with
lgllpy = 1. If g, = gw®9/"%, the left side of (5.6) equals

ZAkUkla/"f gw' T/ dt
I

17

1/r 1/r
wl+ar’/n dt) ( rwdt)
U(Ik) (’/;k -/;k B

by Holder’s inequality, for r to be chosen close to ¢’ with 1 < r < g’. Assuming for
the moment that

< X Aw(l)

|I|a/" 1/r W(I)S/r

(5.10) m(/;w““"/"dt) <c e

we get the bound

4 to be chosen,

S 2L [ g e (ZNixs, ) (#5(87)) "0 (x)
¢ LAY o(1,) j;kglw \Cf 12,97 EA0-41 v{x) ax,
where

- _ w(1)®

(1) (x) = sup = [ (0w (1) dr.

By Holder’s inequality we obtain at most

| X xn | 1585 (807

From Lemma (5.9) we have

r
L'f,’ =cC,

M5 (g))zrr < cllgillg = clig
and so we will be done, provided that § > -1/(q¢’/rY,1 < (p'/r) <(q'/r) and

(5‘11) w(1)3+1/(q'/’)' < CU(I)I/(P’/')"

If we choose 8 so thatd + 1/(q’/rY = p(a/n+ 1/q)/(p’/rY, (5.11) follows from
our earlier observation that w(I)®/"*1/9 < cv(I)'/?. This choice of & also ensures
that § > —-1/(q’/r). The inequalities 1 < (p’/r)’ < (q’/r) follow from r < g’ and
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p < q. Thus, it remains only to verify (5.10). If we rewrite (5.10) in terms of u, it
amounts to

1/r 8/r
|I|"‘/"(j; w(er'/n+1)/(ag/n+1) dx) < c(j; y1/(@q/n+1) dx) v(I)l/'.

Note that (ar’/n + 1)/(ag/n + 1) =1 + ¢ for € > 0 and arbitrarily small if r is
closetoq’,r < q’.Sinceu € 4,

j‘u1+edx < c|I|_e(f udx)lﬂ
I I

and

f W@/ gy s o I|(aq/n)/(aq/n+1)( f o dx
I I

Thus, (5.10) will follow if
|I|°‘/”_€/"u(1)(1+e)/r' < c[|I|(a¢7/")/(°“l/”+1)u(1)1/(aq/n+1)] 8/’U(I)l/r'.

) 1/(ag/n+1)

This is just condition (1.2), as can be seen by computing exponents. This completes
the proof of Theorem (1.8).

6. An example. Theorems (1.9) and (1.10). In this section we prove Theorem (1.9).
Also, as indicated in the Introduction, we obtain Theorem (1.10) as a corollary of the
proof.

We need several lemmas about weight functions.

LEMMA (6.1). If u € A, then u* € RH, /, for 0 < s < 1. Conversely, if u* € RS,
for some swith0 < s <1,thenu € A_.

PrROOF. If u € A, then by [3], u(x) > c|I|"Y,udy for x in a subset of I of
measure proportional to |I|. Thus, by raising both sides to the power s and

integrating, we get
1
u dy) <c— | uwdx.
( |11 f |11 f

This amounts tou* € RH, ,,0 <s < 1.
Conversely, if u* € RH, /, for some s, 0 < s < 1, then by [3], »° € RH,.,, , for

some € > 0. Thus,
1 1+
— | u*¢d
( qhe

By Holder’s inequality the right side is less than c¢(|I|™'f,u dy)*. Therefore, u €
RH,,,.sou€A_.

COROLLARY (6.2). Let r > 1. Thenw" € A if and only if w € RH,.

)S/(l+e) 1
<c u‘dy.
ith

To see this, just apply the lemma with ¥ = w” and s = 1/r. In particular, note that
if ¢ > p then the conditions w¥/? € 4 andw € RH, , are the same.
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LEMMA (6.3). If w € D_ there exists € = e(w) > 0 such that

w(x) x|, w(x)(1xl/(1 +1x])" € D, ify > .
PROOF. Let d = dist(1,0). If the edgelength 4 of I satisfies & < 1d, then |x| = d on
21. Thus,

j;lw(x)(-llTxll;f)ydxz(lid)ylewdxz(1_‘:d)yj;wdx
z/;w(x)(ll%ll)(')ydx

for any y. The proof in this case for w(x)|x|” is similar.

If A > 1d, then by subdivision of I, select a cube I C I so that the edgelength 4 of
I satisfies h = h/8 and h < 1dist(/,0). Let I* be a cube with center 0 such that
21 c I* and the edgelength h* of I'* satisfies h* < 8h. Then

ol ] )
([ @[5
<cX2 -“( 2z )yf w(x) dx,

1+ 2 %p*

since w € RD, ,, for some & > 0 (see §2). Now, since w € D, and |x| = h=honl,

_wax < fwdx (1+h) f ()( ||||)ydx
NENUSNEED

Substituting this estimate in the sum above and recalling that #* = h, we will obtain
w(x)|x|/(1 + |x]))* € D, by showing

2% 7 ho\Y

-ke
(6.9) Y2 (1+2"‘h) <c(1+h).
If h < 1 this reduces to ¥2°%4(27%h)Y < ch”, which is valid if y > —e. If h > 1 the
" left side of (6.4) is at most
Y o2k kR)T+ Y 27Rf<chTh T+ c<c
27kh<1 27kh>1

since A > 1 and € > 0. In this case the right side of (6.4) exceeds a fixed positive
constant, and (6.4) follows. This completes the proof for w(x)(|x|/(1 + |x|)). For
w(x)|x|?, the argument in case h > 3d is similar but simpler. The analogue of (6.4)
in this case is £27 %42 *h)Y < ch”, which is valid if y > —&.

LEMMA (6.5). If w € A, there exists € = e(w) > 0 such that

W)l w(x) (/1 + 1) € 4, ify > .




FRACTIONAL INTEGRALS ON WEIGHTED H? AND L? SPACES 315

PROOF. Given a cube I, we chose a subcube I of I such that || > c|I| for some
¢> 0,0 ¢ I, and the edgelength of I is less than } dist(1,0). Letting 8 = dist(/, 0),
we see that |x| =8 on I. By the previous lemma there exists ¢ > 0 such that
w(x)(|x]/(1 + |x]))* € D for y > —e. Thus, for such y,

c(lis)ylilfw(x)dx

Since w € A_, there is a subset E of I such that |E| > c|I| and |I|"Y/;w(x) dx
< ew(z) for z € E. Thus, |E| > c|I|, and since |z| = & on E (in fact, on [),

8 \71 2|\’
(1—+——5) |7~|fiw(x)dx<c(:|—z-l-) w(z), z€E.

This proves that w(x)(|x|/(1 + |x|))* € A, for y > —e. The argument for w(x)|x|”
is similar.

LEMMA (6.6). Let w € D_ and {a,}7_, be a sequence of distinct points in R". If
0 < B, < Bfork =1,...,m, there exists c > O independent of I such that

By
8 a B/m
6.7 w(x)(1 +|x ——K ) dx>dI w(x) dx.
67) [ w(x) H)l'[(Hl |) 1" f wix)
In particular, taking just one term, we see that
[w)lx - al’dx > 1" [ w(x) ax,  B>o0.
1 I

PrOOF. We consider the case when there is more than one a,; the case when there
is only one a, is similar but simpler. Let p = min ,,|a; — a,|. Then p > 0 and there
exists ¢, > 0 depending on p and the number of a,’s such that any cube I contains a
subcube T with |T| > ¢,|I| and a, & I for all k. Since the integral on the left of (6.7)
decreases when I is replaced by I, and since w € D, it is enough to prove the
lemma for . Thus, we may assume that I contains none of the a,’s. Furthermore, if
d = min, dist(7, a,) and h is the diameter of I, we may assume 4 < 1d by subdivid-
ing I into (6n)" equal subcubes and considering one which contains the center of I.
Let a, be an a, closest to I, so that d = dist(/, a, ) and d < |x — a; | < 3d/2 for
x € I. We claim that there exists ¢, > 0 depending only on p such that |x — a,| > ¢,
for x € I and k # k,. To see this, consider the cases d > p/3 and d < p/3. If
d > p/3 the claim is true for all k (including k = k) with ¢, = p/3 since |x — a,|
>|x—a,|>difx€llfd<p/3,x €landk # kg, then

Ix —ayl >la, —ay | —lay, — x| = p—3d/2>p~p/2=0p/2,
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and the claim follows. Thus, for such I, the left side of (6.7) equals

[ 4| 2 oy el )",
7 Tkl XAl )
| - ay| Keko\ 1 +1|x — a,]
I (7 )Bk/ o e[ o)
> wiXx + |x I — X
keko\ 1+ co) Iy 1+|x—a,|

since B, > 0. Since B, < B, this exceeds a positive constant times

]; w(x)(1 +|x|) (1 +|x — ak0|)_B!x - akO|de > cj; w(x)|x — ako|B dx

B/n
I w(x) dx,
1" [ w(x)

¢ > 0,since|x — a, | > d > 2h for x € I. The proof of the lemma is now complete.
PrOOFs OF THEOREMS (1.9) AND (1.10). We first prove Theorem (1.9). Thus, let

l<p<ow,0<1l/p-1/g<a/n, B/n =a/n—(1/p-1/9),

M(x) = (1 +|x)" H

| Bi
-7 B >07M> ’
l+| a| 1" B

and

1+|x-—ak|

Yk
M-
HB(x)—(1+|x|) Bl_[( ) ) Y, = max{p, — 8,0},
where {a,}%., are distinct points of R". We will show that the pair (u,v) =
(HZW"/ P, IT7w) satisfies condition (1.6) and u, v € D_ provided that w € D_ when
g=pandw e RH, , wheng > p.

Since kg, Yo M, M—B>0 and (1 +|xPM =1+ |x|™, QA+ |xP” P =1+
|x|™~#, it follows by repeated application with translation of Lemma (6.3) that u,
v € D,. Furthermore, if p # g, then w97 € A by Corollary (6.2), and u, v € 4,
by Lemma (6.5). To check (1.6) we must show that

1/p'+1/q
(6.8) " ( [u dx)
I

Let

< cf ul/Pol/P dx.
I

I0(x) = g0 = (1+")Bﬁ1(1|Tx|——fi‘[|) ,

and note that p, — vy, = min(p,, 8). Thus, 0 < p, — v, < B. Write the integral on
the right side of (6.8) as

(6.9) ful/p'H/qu—l/qvl/p dx = / WP HV/a1T* dx
I I

since u~1/9p!/? = II1*. Note that u’/?'*'/9 € D_: if ¢ = p, we know u € D_, and if
q # p, then 1/p’ + 1/q < 1, and the fact that u € 4_, together with Lemma (6.1),
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clearly implies u’/?'*1/9 € D_ (even A ). Hence, by Lemma (6.6),
f ul/P I ATI* dx > c|I|B/nf ul/P 14 gy,
I I

Since

condition (6.8) will then follow from

(Lf u dx < cif ul/P' 14 dx,
1| r |11 r
This is obvious when ¢ = p, and when ¢ > p amounts to the statement that
u® € RH, ,, withs = 1/p" + 1/4, which follows by Lemma (6.1). This completes the
proof of Theorem (1.9).

To prove Theorem (1.10) let 0 <p < 00,0<1/p~1/9 < a/n, B/n=a/n—
(1/p —1/q) and

I(x) = (1 +1x)* 1 (u) . O<n<B

)l/p’+1/q

k=1\1+|x — a,

where {a,}7_, are distinct points of R". We will show that the pair (u,v) =
([(v'/7/T1*]%, v) satisfies ||I,f || yg < cl|fll g if ¥, v € D,, and, in addition, when
p#q,u€ A, Incasel <p < oo, we follow the above proof beginning with (6.9)
to see that (u, v) satisfies (1.6). If 0 < p < 1, the condition to be checked instead is
(1.2), i.e., |[I|*/"u(I1)9 < cv(I)/?, which becomes

1/q 1/p
a/n ,
I udx <c uP II*P dx .

The right side exceeds c|I|#/"( f,u?/? dx)'/? by Lemma (6.6) if u?/9 € D,_, which is
true by hypothesis if g = p, and for g > p it follows from the fact that u € 4 by
Lemma (6.1). The desired estimate is now immediate if ¢ = p, and if ¢ > p it follows

by using u?/? € RH, ,,,i.e,u € 4,,.

7. Proof of Theorem (1.11). To show that condition (1.3) is necessary for the
inequality || 1, f|| g < cl|fll p With I, f = f#|x|*7", 0 <& < n,let f = XX, x;, A >
0. Then

(1)) = EAf ol SA [ = )

> A (elLd™")x,(x),

since if x € I, then |x — y| = diam I, for y in a subset of I, with measure
proportional to |[,]. Condition (1.3) now follows immediately from the norm
inequality.

The above argument does not require a < n, but we note that condition (1.3), or
even (1.2), is not compatible with v € 4, if a > n. In fact, for large I centered at 0
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and a > n, (1.2) gives

1< 11™" < el u(1)? < eo(1)"”,

i.e.,, v(I) = c|I|*. However, any v € Ap, p > 1, satisfies v € Dp_e for some ¢ > 0,
which contradicts the previous statement.

The proof of the sufficiency part of Theorem (1.11) is based on some slight
modifications in the proof given in §3 and on an approximation argument. We first
show that (1.3), together with the fact thatv € D_, implies

(7.1) / -—ﬁ(—)i)-jdx < oo forsome L.

R (1 +]x])
In fact, (7.1) holds if we just assume (1.2) and v € D_. To see this, let J, be the cube
with center 0 and edgelength 2/, / = 0, 1,.... By doubling we have v(J,) < 2" (J,)
= ¢2™ for some t > 1. Thus, by (1.2), u(J,) < c2//P =4 and it follows easily
that, for e > 0,

Je ( +|x|1)l‘f"x'/)”)'“”"’dx -
as desired.
We next claim that (1.3), together with v € 4, implies
-1/(p-1
(7.2) [ o) 7 < oo

x|>1 |x|("_“)”'

To see this, let J, be as above and split J, — J,_, for / > 1 into ¢(n) nonoverlapping
cubes with edgelength 2/~2. Thus, we decompose R"\ J, into nonoverlapping cubes
{I,}¥_, such that dist(I,,0) = |I,|'/" and I, = 101, contains J,. Using (1.3) and
Lemma (2.3) we then get, for A, > 0,
M
(Zkklfkr/") “(Jo)l/q <c
1

<cC

M - a/n
Z)\k|1k‘ XTI,
1

M
z}\kXi,(
1

L9

u

M 1/p
= c(zl‘,)\‘,:v(lk)) .

Ly
M

<S¢ ZAlek
1

Now pick A, so that A2v(I,) = A |1,|*/", i.e.,

A= (|ikl /U(Ik))l/(p—l) = C(|1/<|

Sincev € 4,

Ly

a/n a/n—1 1/(p=1

IAVZIEM)

(a/n-1)/(p—1) _ _
Ao =L f, P dx /|1, .
k

We get

M - a/n 1 M —,a/n 17
(Z)\k|lk| )“(Jo) 77 < C(Z)\k|lk| ) >
1 1
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and therefore Y\, |1,|*/" < cu(J,) ?”/9. But also

TR NG R
N I

-1

k

-1/(P 1)
| | = a)dx

since |1, | = |x|" for x € I,. Hence,

-1 1

j. /Ap— ) cu(.l )p /q
UM, | lP (n— a)

If we let M — oo we obtain (7.2).

The next step is to show that if v € 4, and (1.3) holds then || I, f|| 5 < cl|f]l .z if
is (a multiple of) an (co, N) atom. Since v € 4,, L? and HY coincide, and it is
enough to show that ||1,f||;s < c||f]l for such f. This can be proved, without
assuming that ¥ € D_, by making a small change in the argument in §3 for p > 1.
Follow the proof there leading to (3.2), and note that

Ekkp‘k WX 2
i,k

b,.
|Ian| Zkkl“'kx L

ki

Then, instead of applying Lemma (2.1), simply use Minkowski’s inequality to obtain

Z “ Exky’k 1Xc2'lk

L3
u

This leads as before to an analogue of (3.2) with || - || .4 on the left rather than || - || .
The remainder of the argument in §3 then gives the desired result; the fact that
I.fy, — I.fin L7 was shown in the course of the argument. Note that (3.11) now
holds by (7.1).

It remains only to show that ||, f|l4 < c||f|l,, holds for general f, with I f
defined as usual, knowing that it holds when f is avny multiple of an (o0, N) atom.
For this we will give a simple approximation argument based on (7.2) and the fact
that p/(»~D e L} .. Since multiples of atoms are dense in H?, they are also dense
in L?. If I, denotes the extension by continuity of I, to all of L?, it is enough to
show that I_f, defined as usual, exists and equals I,f for all f € LP. For this it
suffices to show that I_f exists, and that if f/ — fin L7 then, for each R > 0, there is
a subsequence ji, such that I, f;, — I ,fae.in|x| < R.

If |x] < R,

13) @< [ VD= e DI

For the first term on the right, Fubini’s theorem gives

[ O x =y "y

l¥I<2R

n

< dy - 2" " dz
[oan YO [l

L'(|x|<R)

= R fll2gx<2r)-
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Note that f € L}__: in fact, by Holder’s inequality,

1/p’
I/l 2qxi<2ry < ”f”L.'.’(f . o(x) /P dx) =c.gllflle.

|x|<2

Thus, the L'(]x| < R) norm of the first term on the right of (7.3) is less than
¢, rllfllzp, and so this term is finite a.e. in |x| < R. By Holder’s inequality, the
second term on the right of (7.3) is at most

1/p
- — (a—n)p’
ClIfIIL.e(fH>2R o(y) P dy) ,
y

which equals ¢, g||fll, by (7.2). Combining facts we see that I,f converges
absolutely a.e. in |x| < R and so a.e. in R". Moreover, applying the same argument
with f replaced by f — f;, where || f — f|l| ., = 0, wesee that I, f — I.f, (= I.(f — f}))
— 0 in the L'(|x| < R) norm. Hence, there is a subsequence with the desired
property. This completes the proof.

8. Remark. We would like to show how the results of [10 and 12] are related to our
theorems. The necessity statement in the following theorem is the main result in [10].

THEOREM (8.1). Let 0 <p <n/aand1/q=1/p — a/n. Thenv € RH,_ , if and
only if
Mo erzern < cllf Nl
when f is any (o0, N) atom.
Incase a =n+ 2L, 1=0,1,..., I fis interpreted as usual as f * x,|x|*~""! for

any i or, alternately, as f * |x|*”"log|x|. It is easy to obtain the theorem from our
results. In fact, the condition v € RH,, , is equivalent to condition (1.2) for the pair
(v?/?, v) since 1/q = 1/p — a/n. Moreover, if p > 1, it is equivalent to condition
(1.3) for (v9/?, v) by Theorem (1.7). Hence, Theorem (8.1) follows from Theorems
(1.4) and (1.5).

The sufficiency part of the principal result in [12] can be obtained from Theorem
(1.11). The result states thatif0 < a <n,1 <p <n/aand1/q=1/p — a/n, then
the condition

1 1/q 1 1/p’
8.2 — | v9/P dx — v""/”dx) <c,
(8:2) ( i) ) Tl

1/p + 1/p’ = 1, is necessary and sufficient for ||1,f|| 4,, < cl|f|l .- It is simple to

check that condition (8.2) is equivalent to the two conditionsv € 4,andv € RH_ ..

The fact that ve RH,,, with 1/¢9=1/p — a/n implies that the pair (v¥/?, v)
satisfies condition (1.2), and, therefore, by Theorem (1.7), also satisfies condition
(1.3). Thus, the fact that (8.2) is sufficient for ||/, f||
Theorem (1.11).

e < Cll S, follows from
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